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Abstract
A generalization of Ojima tilde conjugation rules is suggested,
which reveals the coherent state properties of thermal vacuum state
and is useful for the thermofield bosonization. The notion of hot and
cold thermofields is introduced to distinguish different thermofield rep-
resentations giving the correct normal form of thermofield solution for
finite temperature Thirring model with correct renormalization and
anticommutation properties.
1 Thermodynamics of ideal 1D gases
From the standard course [1] it may be easily shown, that equilibrium ther-
modynamics of the free massless bosons in the 1- dimensional box of length
L coincides with that of the free massless spin 1/2 fermions at the same tem-
perature kBT = 1/ς only for both zero chemical potentials, µ(B) = µ(F ) = 0,
giving a simplest example of thermal bosonization [2], for pressure P , densi-
ties of internal energy U and entropy S (with h = 2πh¯, c - speed of light):
P(B),(F ) =
U(B),(F )
L
=
π2
3ς2hc
,
S(B),(F )
kBL
=
2π2
3ςhc
, however, (1)
for given densities: n(B) =
N(B)
L
, n±(F ) =
N±(F )
L
: (2)
µ(B) =
1
ς
ln
(
1− e−n(B)ςhc/2
)
, µ± =
1
ς
ln
(
e
n±
(F )
ςhc/2 − 1
)
. (3)
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This qualitative “equilibrium” picture means that both systems for the same
ς, L have the same P,U , S and also another thermodynamic potentials. The
condition µ(B) = 0 for arbitrary temperature implies an infinite boson density,
n(B) 7→ ∞, corresponding to specific case of thermodynamic limit N(B) →
∞, L → ∞ for bosonic “picture”. The “equilibrium” fermion pressure (1)
actually is a sum of partial ones of N+(F ) fermions and N
−
(F ) antifermions,
with opposite values of chemical potentials µ± = ±µ(F ) and with the charge
density Q(F )/L [11]:
P(F ) = P
+
(F ) + P
−
(F ) =
π2
3ς2hc
+
µ2(F )
hc
,
Q(F )
L
= n+(F ) − n−(F ) =
2µ(F )
hc
. (4)
So, for any value of µ(F ), µ(B), the “equilibrium” Gibbs potentials read:
G(F ) = N+(F )µ+ +N−(F )µ− = Q(F )µ(F ) =
2Lµ2(F )
hc
, G(B) = N(B)µ(B). (5)
Thus: G(F ) =⇒ G(B) = 0, only if: µ(F ) ⇒ 0, with: n+(F ) = n−(F ). (6)
Nevertheless, µ(F ) = 0, for n
0
(F ) = 2 ln 2/(ςhc). We want to point out that for
nonzero temperature the usual infrared regularization parameter L acquires
a physical meaning as a macroscopic thermodynamic parameter (1) of the
real or effective “box size” of the thermodynamic system under consideration.
So, the corresponding dependence requires additional care.
2 On fermionic tilde conjugation rules
Following to Ojima [10] let us start with simplest fermionic oscillator (for
one fixed mode k1), which has only two normalized states |0〉 and |1〉, with
energy 0 and ω, annihilated/created by fermionic operators b, b†: b|0〉 = 0,
|1〉 = b†|0〉, {b, b†} = 1, {b, b} = 0. The thermal vacuum appears as a
normalized sum of tensor products of two independent copies of these states:
|00˜〉 = |0〉 ⊗ |0˜〉, |11˜〉 = |1〉 ⊗ |1˜〉, weighted with corresponding Gibbs and
relative phase exponential factors [10], so that for {b, b˜#} = 0, (b˜# = b˜, b˜†):
|0(ς)〉(F ) = |00˜〉+ e
iΦe−ςω/2|11˜〉[
〈00˜|00˜〉+ e−ςω〈11˜|11˜〉
]1/2 ≡ cosϑ (1 + eiΦ tanϑ b†b˜†) |00˜〉, (7)
|0(ς)〉(F ) = V−1ϑ(F )|00˜〉, where, for: tan2 ϑ(k1, ς) = e−ςω, ω = ω(k1) : (8)
V−1ϑ(F ) = exp
{
eiΦ tanϑG+
}
exp
{
− ln(cos2 ϑ)G3
}
exp
{
−e−iΦ tanϑG−
}
, (9)
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with: G+ = b
†b˜†, G− = b˜b = (G+)
† , G3=
1
2
(
b†b− b˜b˜†
)
, (10)
[G+, G−] = 2G3, [G3, G±] = ±G±, with: G± = G1 ± iG2, (11)
thus: V−1ϑ(F ) = exp
{
ϑ
[
eiΦG+ − e−iΦG−
]}
= V−ϑ(F ) = V†ϑ(F ), (12)
– is a standard form of operator of the coherent state for group SU(2) [3].
This observation allows to identify the algebra (11) as “quasispin” algebra
[4], with the cold vacuum |00˜〉 as its lowest state for representation with
“quasispin” 1/2, and the state |11˜〉 as the highest one:
|00˜〉 ⇒
∣∣∣∣12 ,−12
〉
, |11˜〉 ⇒
∣∣∣∣12 , 12
〉
, (13)
G3
∣∣∣∣12 ,±12
〉
= ±1
2
∣∣∣∣12 ,±12
〉
, G±
∣∣∣∣12 ,±12
〉
= 0. (14)
The unique arisen arbitrary relative phase Φ reflects now the fact that the
quantum state is not the vector, rather the ray. Thus, the thermal vac-
uum (8), as a coherent state [3], is annihilated by operator V−1ϑ(F )G−Vϑ(F ) =
cos2 ϑG− + e
iΦ sin 2ϑG3 − e2iΦ sin2 ϑG+ = b
∼
(ς)b(ς), as well as by operators:
b(ς) = V−1ϑ(F ) bVϑ(F ) = b cos ϑ− b˜†eiΦ sinϑ,
b
∼
(ς) = V−1ϑ(F ) b˜Vϑ(F ) = b˜ cosϑ+ b†eiΦ sinϑ. (15)
Up to now b˜# is only notation that does not define any operation. To fix it
as an operation: b
∼
(ς) 7→ b˜(ς), one should choose the value of Φ. The popular
choice Φ = 0 leads to complicated tilde conjugation rules for the fermionic
case, different from the bosonic one [9]. The Ojima choice Φ = −π/2 gives
the same rules for both bosonic and fermionic cases [10]. We see now that
the choice Φ = π/2 is also good and, as well as the original Ojima’s one,
satisfies the properties of antilinear homomorphism and the condition
˜˜
b(ς) =
b(ς). It seems very convenient for the purposes of bosonization that the
tilde operation has the same properties for both Fermi and Bose cases. As a
byproduct, we observe a useful interpretation of the thermal vacuum, defined
by Bogoliubov transformation (8), as a coherent state, obtained by coherent
SU(2) rotation of vacuum states for all Fermi oscillators |0k1 0˜k1〉 as a lowest
quasispin states, around one and the same unit vector ~u = (sinΦ, cos Φ, 0)
onto the different angles = −2ϑ(k1): V−1ϑ(F ) = exp
[
i2ϑ
(
~u · ~G
)]
[3].
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Analogous picture may be obtained for bosonic thermal Bogoliubov trans-
formation Vϑ(B) leading to connection between the bosonic thermal vacuum
and coherent state for the discrete series representation of group SU(1, 1)
[3]. However, for this case the numerator in (7) contains a countable number
of terms with countable number of arbitrary phases Φn [10]. The coherent
state of the type (9), (12) would be obtained only for countable number of
coherent choices: Φn 7→ nΦ, n = 0, 1, 2, . . .. We did not find a reason to
prefer this choice to the usual one Φn = 0 [9, 10].
3 Hot and cold thermofields
So, at finite temperature, in the framework of thermofield dynamics [9] it
is necessary to double the number of degrees of freedom by providing all
the fields Ψ with their tilde partners Ψ˜. According to [9], the resulting
theory will be determined by the Hamiltonian Ĥ [Ψ, Ψ˜] = H [Ψ]−H˜[Ψ˜], where
H˜[Ψ˜] = H∗[Ψ˜∗], with H [Ψ] = H0[Ψ](x
0) + HI[Ψ](x
0), so that for Thirring
model [7]: H˜
I[Ψ˜]
= H
I[Ψ˜]
, and H˜
0[Ψ˜]
= −H
0[Ψ˜]
. Though the substitution like
(15), for the free massless Dirac thermofields, χ(x) 7→ χ(x, ς), also does not
change [9] the form of the free operator: Ĥ0[χ, χ˜] = H0[χ] − H˜0[χ˜], these
free fields, generally speaking, are not now the physical fields of this QFT
model [5, 11], and, as is well known [5, 9], each term H [Ψ] in Ĥ[Ψ, Ψ˜] must
be equivalent in a weak sense to the free Hamiltonian of massless (pseudo)
scalar fields (φ(x)), ϕ(x), at least, at zero temperature, T = 0.
For any functional F [Ψ] of Heisenberg fields (HF) in the given representa-
tion of physical fields ψ(x), i.e. for dynamical mapping (DM) Ψ(x) = Υ[ψ(x)]
[9] at zero temperature, being interested in the matrix elements on the ther-
mal vacuum of the type:
〈0(ς)|F [Ψ(x)] |0(ς)〉 = 〈00˜|VϑF [Ψ(x)]V−1ϑ |00˜〉 = 〈00˜|F
[
VϑΨ(x)V−1ϑ
]
|00˜〉,(16)
we come to formal mapping:
VϑΨ(x)V−1ϑ = Ψ(x, [−]ς) = Υ
[
Vϑψ(x)V−1ϑ
]
= Υ [ψ(x, [−]ς)] , (17)
onto the “cold” physical thermofield: ψ(x, [−]ς) = Vϑψ(x)V−1ϑ , (18)
essentially with the same coefficient functions, as for the initial DM Ψ(x) =
Υ[ψ(x)], that, contrary to [9, 10], thus transferring so all the temperature
dependence from the state (8) onto these “cold” physical thermofields. How-
ever, to compute the matrix element (16) it is necessary to substitute into
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the r.h.s. of (16), (17) the cold physical thermofields (18) again in terms of
the initial physical fields ψ(x) via obtained from (18) their linear combina-
tions, analogous (but not the same!) to Eqs. (15), and reorder again the
so obtained operator with respect to the initial physical fields ψ(x). The
same operations also convert the formal mapping (17) into temperature de-
pendent DM over the cold vacuum |00˜〉, and precisely in such sense we call
further the r.h.s. of (17) again as a new DM Υ̂: Ψ(x, [−]ς) = Υ [ψ(x, [−]ς)] =
Υ
[
Vϑψ(x)V−1ϑ
]
⇒ Υ̂ [[−]ς ;ψ(x)] = Υ̂ [[−]ς ; c(k1), c˜(k1)], or e.g. c(k1) 7→ bk1 .
On the contrary, the standard computation way [9, 10] implies the sub-
stitution of the inverse to (15) linear expressions of physical fields ψ(x) =
Vϑψ(x, [+]ς)V−1ϑ in terms of the “hot” physical thermofields, ψ(x, [+]ς) =
V−1ϑ ψ(x)Vϑ, given by (15), into the l.h.s. of (16) and reordering the so ob-
tained operator with respect to this hot physical thermofield over the ther-
mal (“hot”) vacuum (8). Of course, such operations give the new DM Υ̂
for the initial HF over this hot – thermal vacuum [9]: Ψ(x) = Υ[ψ(x)] =
Υ[Vϑψ(x, [+]ς)V−1ϑ ] ⇒ Υ̂ [[+]ς;ψ(x, [+]ς)] = Υ̂ [[+]ς; c(k1, [+]ς), c˜(k1, [+]ς)].
We want to point out that this field does not equal to Ψ(x, [+]ς) = V−1ϑ Ψ(x)Vϑ,
which will appear below as a byproduct of our further consideration. To avoid
some ambiguities [12, 13] one should carefully distinguish the hot and cold
physical thermofields ψ(x, [±]ς) over corresponding vacua.
The kinematic independence of tilde-conjugate fields Ψ˜ means:{
Ψξ(x), Ψ˜
#
ξ′ (y)
}∣∣∣
x0=y0
= 0,
{
Ψξ(x), Ψ˜
#
ξ′(y)
}∣∣∣
(x−y)2<0
= 0, (19)
and corresponds to above independence of their Hamiltonians and their
HEqs. This allows to consider a solution only for the one of them. Since
the thermal transformations Vϑ(F ), Vϑ(B) are not depend on coordinates and
time, they can be applied directly to Eqs. (19) and zero temperature HEq
of Thirring model [8], resulting1 again to the same Eqs. (19) and HEqs for
the new HF Ψ(x, [±]ς) like (17):
i∂0Ψ(x, ς) =
[
Ψ(x, ς), Ĥ[Ψ, Ψ˜]
]
=
[
E(P 1) + gγ0γνJ
ν
(Ψ)(x, ς)
]
Ψ(x, ς), (20)
2∂ξΨξ(x, ς) = −igJ−ξ(Ψ)(x, ς)Ψξ(x, ς), 2∂ξΨ˜ξ(x, ς) = igJ˜−ξ(Ψ˜)(x, ς)Ψ˜ξ(x, ς), (21)
1Here: xµ =
(
x0, x1
)
; x0 = t; h¯ = c = 1; ∂µ = (∂0, ∂1); for g
µν : g00 = −g11 = 1; for ǫµν :
ǫ01 = −ǫ10 = 1; Ψ(x) = Ψ†(x)γ0; γ0 = σ1, γ1 = −iσ2, γ5 = γ0γ1 = σ3, γµγ5 = −ǫµνγν ,
where σi – Pauli matrices, and I – unit matrix; x
ξ = x0 + ξx1, 2∂ξ = 2∂/∂x
ξ = ∂0 + ξ∂1,
P 1 = −i∂1, E(P 1) = γ5P 1; summation over repeated ξ = ±, is nowhere implied. The
label [±] is omitted, where it is not important: Jν(Ψ)(x, ς) 7→ Ψ(x, ς)γνΨ(x, ς).
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– for each ξ - component of the field, that are also formally related to the
corresponding current components as:
Jξ(Ψ)(x, ς) = J
0
(Ψ)(x, ς) + ξJ
1
(Ψ)(x; ς) 7−→ 2Ψ†ξ(x, ς)Ψξ(x, ς). (22)
Thus, to integrate these HEqs we can sequentially repeat all the steps of our
previous works [8] for T = 0. Applying the same arguments based on the
currents conservation: ∂ξJ
ξ
(Ψ)(x, ς) = 0, ξ = ±, we come to the same weak
linearization conditions (here “w” means weak equality):
γ0γνJ
ν
(Ψ)(x, ς)
w7−→ β
2
√
π
γ0γν Ĵ
ν
(χ)(x, ς), (23)
Ĵν(χ)(x, ς) = lim
ε,(˜ε)→0
Ĵν(χ) (x; ε(ε˜), ς) ≡ : Jν(χ)(x, ς) : , with Z(χ)(a) = 1, (24)
that for the same subsequently normal ordered (renormalized) current:
J0(Ψ)(x, ς) 7−→ lim
ε˜→0
Ĵ0(Ψ)(x; ε˜, ς) = Ĵ
0
(Ψ)(x, ς), (25)
J1(Ψ)(x, ς) 7−→ limε→0 Ĵ
1
(Ψ)(x; ε, ς) = Ĵ
1
(Ψ)(x, ς), (26)
where at first: ε˜0 = ε1 → 0, when: ε˜1 = ε0, ε2 = −ε˜2 > 0, for: (27)
Ĵν(Ψ)(x; a, ς)=Z
−1
(Ψ)(a)
[
Ψ(x+ a, ς)γνΨ(x, ς)−〈00˜|Ψ(x+ a, ς)γνΨ(x, ς)|00˜〉
]
,(28)
with (the same) appropriate renormalization constant Z(Ψ)(a), leads again
to the linearization of both equations (20), (21) in the representation of the
free physical fields χ(x, ς). So, that again the strong operator bosonization
rules for the free field only are necessary:
Ĵµ(χ)(x, ς) =
1√
π
∂µϕ(x, ς) = − 1√
π
ǫµν∂νφ(x, ς), (29)
Ĵ−ξ(χ)(x, ς) =
2√
π
∂ξϕ
ξ
(
xξ, ς
)
. (30)
The thermofields ϕ(x, ς) and φ(x, ς) are defined in (40) below as unitarily
inequivalent representations of the massless scalar and pseudoscalar Klein-
Gordon fields: ∂µ∂
µϕ(x, ς) = 0, and ∂µ∂
µφ(x, ς) = 0, and are taken mutually
dual and coupled by the symmetric integral relations: ε(s) = sgn(s),
φ(x, ς)
ϕ(x, ς)
}
= −1
2
∞∫
−∞
dy1ε
(
x1 − y1
)
∂0
{
ϕ (y1, x0, ς) ,
φ (y1, x0, ς) ,
(31)
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that implies the conditions: ϕ(−∞, x0, ς) + ϕ(∞, x0, ς) = φ(−∞, x0, ς) +
φ(∞, x0, ς) = 0. The corresponding conserved charges read:
O(ς)
O5(ς)
}
= lim
L→∞
∞∫
−∞
dy1∆
(
y1
L
)
∂0
{
ϕ (y1, x0, ς)
φ (y1, x0, ς)
}
(32)
=⇒
∆=1
{
φ(−∞, x0, ς)− φ(∞, x0, ς)
ϕ(−∞, x0, ς)− ϕ(∞, x0, ς), (33)
where ∆(y1/L) is the volume cut-off regularization function with the Fourier
image δL(k
1) (62). Right (ξ = −) and left (ξ = +) thermofields ϕξ
(
xξ, ς
)
and their charges Qξ(ς) are defined by similar to [5] linear combinations:
ϕξ
(
xξ, ς
)
=
1
2
[ϕ(x, ς)− ξφ(x, ς)] , for: ξ = ±, (34)
Qξ(ς) =
1
2
[O(ς)− ξO5(ς)] = ±2ϕξ
(
x0 ±∞, ς
)
, (35)
These fields obey the temperature independent commutation relations:
[ϕ(x, ς), ∂0ϕ(y, ς)]|x0=y0 = [φ(x, ς), ∂0φ(y, ς)]|x0=y0 = iδ(x1 − y1), (36)
[ϕ(x, ς), ϕ(y, ς)] = [φ(x, ς), φ(y, ς)] = −iε(x
0 − y0)
2
θ
(
(x− y)2
)
, (37)[
ϕξ (s, ς) , ϕξ
′
(τ , ς)
]
= − i
4
ε(s− τ )δξ,ξ′,
[
ϕξ(s, ς), Qξ
′
(ς)
]
=
i
2
δξ,ξ′ . (38)
The similar commutation relations take place for their tilde-partner, that
remain kinematically independent also at finite temperature: [A(ς), B˜(ς)] =
0. So, up to now we cannot distinguish the hot and cold physical thermofields.
The kinematic independence of the tilde-partners fails and the difference
between the hot and cold physical thermofields appears on going to the “fre-
quency” parts of corresponding fields ϕξ(±)
(
xξ, ς
)
, and their charges Qξ(±)(ς).
It manifests itself in the commutators of annihilation (+) and creation (−)
(frequency) parts, defined by annihilation and creation operators over the ini-
tial cold vacuum |00˜〉 for the pseudoscalar fields [8]: Pc(k1)P−1 = −c(−k1),
[c(k1), c†(q1)] = 2π2k0δ(k1 − q1), c(k1)|0〉 = 0, c(k1)|00˜〉 = c˜(k1)|00˜〉 = 0, for
both hot [+], and cold [−] thermofields, in the form:
|0(ς)〉 = V−1ϑ(B)|00˜〉 ≡ V(B)[−ϑ]|00˜〉, tanh2 ϑ = e−ςk
0
, ϑ = ϑ(k1; ς), (39)
ϕ(x; [±]ς) = V∓1ϑ(B)ϕ(x)V±1ϑ(B) =⇒ ϕ(+)(x; [±]ς) + ϕ(−)(x; [±]ς), (40)
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and so on for all other fields φ(x), ϕξ(xξ), Qξ, ..., with corresponding Fourier
expansions and commutators. Below we put corresponding ± into respective
brackets, and k0 = |k1|:
ϕξ(+)
(
xξ; [±]ς
)
= − ξ
2π
∞∫
−∞
dk1
2k0
θ
(
−ξk1
) [
coshϑc
(
k1
)
e−ik
0xξ∓ (41)
∓ sinh ϑc˜
(
k1
)
eik
0xξ
]
, ϕξ(−)
(
xξ; [±]ς
)
=
{
ϕξ(+)
(
xξ; [±]ς
)}†
, (42)
ϕ˜ξ(+)
(
xξ; [±]ς
)
= − ξ
2π
∞∫
−∞
dk1
2k0
θ
(
−ξk1
) [
coshϑc˜
(
k1
)
eik
0xξ∓ (43)
∓ sinh ϑc
(
k1
)
e−ik
0xξ
]
, ϕ˜ξ(−)
(
xξ; [±]ς
)
=
{
ϕ˜ξ(+)
(
xξ; [±]ς
)}†
, (44)
Qξ(+)([±]ς) = lim
L→∞
i
ξ
2
∞∫
−∞
dk1θ
(
−ξk1
) [
coshϑc
(
k1
)
e−ik
0x̂0± (45)
± sinh ϑc˜
(
k1
)
eik
0x̂0
]
δL
(
k1
)
, Qξ(−)([±]ς) =
{
Qξ(+)([±]ς)
}†
. (46)
Q˜ξ(+)([±]ς) = lim
L→∞
−iξ
2
∞∫
−∞
dk1θ
(
−ξk1
) [
cosh ϑc˜
(
k1
)
eik
0x̂0± (47)
± sinh ϑc
(
k1
)
e−ik
0x̂0
]
δL
(
k1
)
, Q˜ξ(−)([±]ς) =
{
Q˜ξ(+)([±]ς)
}†
. (48)
Here the x̂0 – dependence of charge frequency parts is fictitious and unphys-
ical. It is the artifact of space regularization (32) and should be eliminated
at the end of calculation. Only for hot [+] thermofields one has:
〈0(ς)|ϕξ(s; [+]ς)ϕξ′(τ ; [+]ς)|0(ς)〉 = 〈0|ϕξ(s)ϕξ′(τ )|0〉 = (49)
=
[
ϕξ(+)(s), ϕξ
′(−)(τ )
]
=
δξ,ξ′
i
D(−)(s− τ ), (50)
(here D(−)(s) = limς→∞D(−)(s, ς;µ1)) but for both of them:
〈00˜|ϕξ(s; [±]ς)ϕξ′(τ ; [±]ς)|00˜〉 =
[
ϕξ(+)(s; [±]ς), ϕξ′(−)(τ ; [±]ς)
]
, (51)[
ϕξ(±) (s; [±]ς) , ϕξ′(∓) (τ ; [±]ς)
]
= (±1)δξ,ξ′
i
D(−)(±(s− τ ), ς;µ1) =
= (∓1) 1
4π
δξ,ξ′
{
ln
(
iµ
ς
π
sinh
(
π
ς
(±(s− τ)− i0)
))
− g (ς, µ1)
}
, (52)[
ϕ˜ξ(±) (s; [±]ς) , ϕ˜ξ′(∓) (τ ; [±]ς)
]
= (∓1)δξ,ξ′
i
D˜(−)(±(s− τ ), ς;µ1) =
8
= (∓1) 1
4π
δξ,ξ′
{
ln
(
iµ
ς
π
sinh
(
π
ς
(∓(s− τ)− i0)
))
− g (ς, µ1)
}
, (53)[
ϕξ(±) (s; [±]ς) , ϕ˜ξ′(∓) (τ ; [±]ς)
]
=
= (±1)[±1] 1
4π
δξ,ξ′
{
ln
(
cosh
(
π
ς
(s− τ )
))
− f(ς, µ2)
}
, (54)
[
ϕξ(±)(s; [±]ς), Qξ′(∓)([±]ς)
]
= δξ,ξ′
[
i
4
− (±1)
(
x̂0 − s
2ς
)]
, (55)
[
ϕξ(±)(s; [±]ς), Q˜ξ′(∓)([±]ς)
]
= (±1)[±1]δξ,ξ′
(
x̂0 − s
2ς
)
, (56)[
Qξ(±)([±]ς), Qξ′(∓)([±]ς)
]
= (±1)a1δξ,ξ′ =
[
Q˜ξ(±)([±]ς), Q˜ξ′(∓)([±]ς)
]
, (57)[
Qξ(±)([±]ς), Q˜ξ′(∓)([±]ς)
]
=(±1)[∓1]a2δξ,ξ′=
[
Q˜ξ(±)([±]ς), Qξ′(∓)([±]ς)
]
.(58)
Here the following quantities are defined: µ = µeC∋ ,
g (ς, µ1) =
∞∫
µ1
dk1
k0
(
2
eςk0 − 1
)
=⇒ 2
ςµ1
− ln
(
2π
ςµ1
)
, µ1 = µ1e
C∋ → 0, (59)
f(ς, µ2) =
∞∫
µ2
dk1
k0
1
sinh(ςk0/2)
=⇒ 2
ςµ2
− ln 2, µ2 → 0, (60)
lim
ς→∞
g (ς, µ1) = 0, limς→∞
f(ς, µ2) = 0, (61)
δL
(
k1
)
=
∞∫
−∞
dx1
2π
∆
(
x1
L
)
e±ik
1x1 = L∆
(
k1L
)
, lim
L→∞
δL
(
k1
)
= δ
(
k1
)
, (62)
a0 = π
∞∫
0
dk1k1
(
δL(k
1)
)2
= π
∞∫
0
dtt(∆(t))2 ≡ πI∆1 , I∆n =
∞∫
0
dttn
(
∆(t)
)2
, (63)
a1 = a0 + 2π
∞∫
0
dk1k1
(δL(k
1))
2
eςk0 − 1 = a0 + 2π
∞∫
0
dtt
(∆(t))2
eςt/L − 1 , (64)
a1 =⇒ 2πI∆0
L
ς
+
π
6
I∆2
ς
L
+O
((
ς
L
)3)
, L→∞, lim
ς→∞
a1 = a0, (65)
a2 = π
∞∫
0
dk1k1
(δL(k
1))
2
sinh(ςk0/2)
= π
∞∫
0
dtt
(∆(t))2
sinh (tς/2L)
, (66)
a2 =⇒ 2πI∆0
L
ς
− π
12
I∆2
ς
L
+O
((
ς
L
)3)
, L→∞, lim
ς→∞
a2 = 0, (67)
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where C∋ is the Euler-Mascheroni constant. It is important to note that in
any case the difference a1 − a2 becomes L - independent at L → ∞, and if
a0 is finite, then a1 − a2 → 0 at L→∞.
Following [5], by the use of the fields given above, one can construct a
variety of different inequivalent representations of solutions of the Dirac equa-
tion for a free massless trial field at finite temperature, ∂ξχξ
(
x−ξ, ς
)
= 0 in
the form of local normal ordered exponentials of the left and right bosonic
thermofields ϕξ(xξ, ς), and their charges Qξ(ς) (34), (35). However, the kine-
matic independence (19) of the tilde-partners can be achieved only by “ad-
mixing” the Klein factors of both the charges Q˜ξ(ς) and Q˜−ξ(ς) to the same
field. Moreover, according to the meaning of L as macroscopic parameter,
the wanted thermofield should have a correct thermodynamic limit L → ∞
for the finite temperature T > 0. The most simple case, which leads to
the bosonization relations (29), (30) for the currents (25)–(28) of the fields
χ(x, ς) with Z(χ)(a) = 1 reads at L → ∞, for a1 − a2 → 0, (̟ and Θ are
arbitrary initial overall and relative phases) as:
χξ(x
−ξ; [±]ς) = Nϕ
(
exp
{
Rξ(x
−ξ; [±]ς)
})
uξ (µ1, [±]ς) , (68)
Rξ(x
−ξ; [±]ς) = −i2√π
[
ϕ−ξ
(
x−ξ; [±]ς
)
+
σξ0
4
G−ξ([±]ς) + σ
ξ
1
4
Gξ([±]ς)
]
,(69)
uξ (µ1, [±]ς) =
(
µ
2π
)1/2
ei̟−iξΘ/4 exp
{
− g(ς, µ1)
2
}
, (70)
with: σξ0 = −ξσ, σξ1 = ξ1 + ρ, (71)
where the σ and ρ are defined by the condition (19), and the new charges,
with simple commutation relations following from (55)–(58), are used:
Gξ([±]ς) = Qξ([±]ς) + [±1]Q˜ξ([±]ς), with: (72)[
ϕξ(±)(s; [±]ς),Gξ′(∓)([±]ς)
]
=
i
4
δξ,ξ′ , (73)[
ϕξ(±)(s; [±]ς), G˜ξ′(∓)([±]ς)
]
= [±1] i
4
δξ,ξ′, (74)[
Gξ(±)([±]ς),Gξ′(∓)([±]ς)
]
= (±1)2(a1 − a2)δξ,ξ′, (75)[
Gξ(±)([±]ς), G˜ξ′(∓)([±]ς)
]
= (±1)[±1]2(a1 − a2)δξ,ξ′ . (76)
Following to [8], we obtain then at L → ∞ the normal exponential of the
DM for Thirring field in the form analogous to [5, 6] (Λ is ultraviolet cut-off):
Ψξ(x; [±]ς) = Nϕ (exp {ℜξ(x; [±]ς)})wξ (µ1, ς) , (77)
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ℜξ(x; [±]ς) = −i
[
Ξ−ξ(x; [±]ς) + Σ
ξ
0
4
G−ξ([±]ς) + Σ
ξ
1
4
Gξ([±]ς)
]
, (78)
Ξ−ξ(x; [±]ς) = αϕ−ξ
(
x−ξ; [±]ς
)
+ βϕξ
(
xξ; [±]ς
)
, (79)
wξ(µ1, ς) =
(
µ
2π
)1/2 (µ
Λ
)β2/4π
ei̟−iξΘ/4 exp
−g(ς, µ1)
1
2
+
β
2
4π
 , (80)
where: Σξ0 = ασ
ξ
0 − βσξ1, Σξ1 = ασξ1 − βσξ0. (81)
with: σξ0 ⇒ ξ(2n0 + 1), σξ1 ⇒ ξ1 + (2n2 + 1), n0, n2 – integer, (82)
by imposing again the conditions onto the parameters that are necessary
to have correct Lorentz-transformation properties corresponding to the spin
1/2, and correct canonical anticommutation relations (86) respectively:
α2 − β2 = 4π, β − βg
2π
= 0. (83)
Remarkably, that the obtained conditions (82) provide the anticommutation
(86), locality and kinematic independence relations (19) for both the free
(68) and Thirring fields (77) and their tilde partners simultaneously.
Straightforward calculation of the vector current operators (25)–(28) for
the solution (77)–(82), with Z(Ψ)(a) = (−Λ2a2)−β
2
/4π, Z(χ)(a) = 1, by means
of Eqs. (38)–(58) and (83), under the conditions [8]:
α =
(
2π
β
+
β
2
)
, β =
(
2π
β
− β
2
)
, with:
2
√
π
β
=
√
1 +
g
π
, (84)
again directly reproduces the bosonization (and linearization) relations (23),
(24), (29), (30) as the following weak equalities:
Ĵν(Ψ)(x, ς)
w
= − β
2π
ǫµν∂νφ(x, ς) =
β
2
√
π
Ĵν(χ)(x, ς), (85)
demonstrating self-consistency of the above calculations. The obtained nor-
mal form of Thirring thermofields has a correct renormalization properties:{
Ψξ(x, ς),Ψ
†
ξ′(y, ς)
}∣∣∣
x0=y0
= Z(Ψ)(x− y)
∣∣∣
x0=y0
δξ,ξ′δ
(
x1 − y1
)
, (86)
with: Z(Ψ)(x− y)
∣∣∣
x0=y0
=
[
Λ2(x1 − y1)2
]−β2/4π ∼ 1, (87)
for x1 − y1 ≃ 1/Λ. The limit of this solution to zero temperature gener-
alizes Oksak solution [5, 6] as two-parametric Thirring field with arbitrary
continuous parameters σ and ρ from (71).
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4 Conclusion
The main lesson of our work is very simple: the correct true HF should be
only a fully normal ordered operator in the sense of DM onto irreducible
physical fields. Only this form clarifies and assures correct renormalization,
commutation and symmetry properties. It allows also a simple connections
between different types of solutions with finite and zero temperature. The
chosen here representation space of free massless pseudoscalar field relax the
problem of nonpositivity of inner product. Contrary to the recent works
[12, 13], we take into account different types of charge regularization and
all possible mutual commutation relations of bosonic thermofields and their
charges, that self-consistently removes fictitious x̂0 -dependence.
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